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ITERATING THE HESSIAN: A DYNAMICAL SYSTEM
ON THE MODULI SPACE OF ELLIPTIC CURVES
AND DESSINS D'ENFANTS
PATRICK POPESCU-PAMPU
Abstrat. Eah ellipti urve an be embedded uniquely in the proje-
tive plane, up to projetive equivalene. The hessian urve of the embed-
ding is generially a new ellipti urve, whose isomorphism type depends
only on that of the initial ellipti urve. One gets like this a rational map
from the moduli spae of ellipti urves to itself. We all it the hessian
dynamial system. We ompute it in terms of the j-invariant of ellipti
urves. We dedue that, seen as a map from a projetive line to itself, it
has 3 ritial values, whih orrespond to the point at innity of the moduli
spae and to the two ellipti urves with speial symmetries. Moreover, it
sends the set of ritial values into itself, whih shows that all its iterates
have the same set of ritial values. One gets like this a sequene of dessins
d'enfants. We desribe an algorithm allowing to onstrut this sequene.
1. Introdution
Consider a omplex projetive plane P2 with homogeneous oordinates
[x : y : z].
To eah homogeneous polynomial f ∈ C[x, y, z] one an assoiate the orre-
sponding hessian polynomial Hess(f), dened as the determinant:
(1) Hess(f) :=
∣∣∣∣∣∣
fxx fxy fxz
fyx fyy fyz
fzx fzy fzz
∣∣∣∣∣∣ .
If C := Z(f) denotes the projetive urve dened by the homogeneous
polynomial f and Hess(C) denotes the urve dened by Hess(f), one knows
that the intersetion points of C and Hess(C) are exatly the inetion points
of C, whih shows that this set has an invariant meaning: it depends only on
the ouple (P2, C), and not on the hosen dening homogeneous polynomial.
But more is true: the whole urve Hess(C) is invariantly attahed to (P2, C).
This remark was the starting point of the present study.
If deg(f) = n ≥ 1, then deg(Hess(f)) = 3(n − 2). This shows that C and
Hess(C) have the same degree only when n = 3. Restriting to this ase, we
get a map from the spae of projetive plane ubi urves to itself, whih is
equivariant with respet to the ation of the group of projetivities of P2. This
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shows that the map C → Hess(C) desends to a rational map H from the
quotient of the spae of smooth ubi urves by the group of projetivities to
itself. But this quotient spae is the oarse moduli spae M1 of ellipti urves
(see Edidin [4℄). The previous map extends to the ompatiation M1 ≃ P1.
I propose:
Denition 1.1. The algebrai map H : M1 → M1 whih assoiates to eah
ellipti urve the isomorphism type of the hessian of a smooth plane ubi urve
orresponding to it is alled the hessian dynamial system.
The aim of this paper is to ompute the hessian dynamial system and to
start its dynamial study. I believe that onsidering it ould bring new in-
sights into the theory of ellipti urves. One ould examine for example the
relation between dynamially dened subsets of M1 and the various subsets
with arithmetial meaning. More importantly, I believe that similar onsider-
ations related to higher dimensional lassial invariant theory would allow to
onstrut higher dimensional dynamial systems with speial properties.
Let me desribe briey the ontent of the paper. In Setion 2 are realled
various normal forms for plane ubi urves and for eah one of them, the
expression of the lassial j-invariant. In Setion 3 are omputed the expression
of the hessian dynamial system H in terms of the j-invariant (see Theorem
3.4). In Setion 4 is showed that all the iterates of H have 3 ritial values (see
Proposition 4.5), whih allows to introdue an assoiated sequene of dessins
d'enfants (Γn)n≥1. Finally, in Setion 5, is given an algorithm whih allows
to onstrut up to topologial onjugay the sequene of preimages of the real
axis by the iterates of H. In partiular, one gets a sequene of graphs in whih
the sequene of dessins d'enfants introdued before embeds anonially, whih
gives us an algorithm for onstruting the sequene (Γn)n≥1 (see Proposition
5.1).
While this paper was refereed, I learned that Pilgrim [10℄ had studied in
general the relation between omplex dynamis in dimension one and dessins
d'enfants and that Artebani & Dolgahev have surveyed in [1℄ the lassial
geometry of the Hesse penil of ubis. In Remark 3.5 of this last paper, they
notie that the map H˜ (see formula (6)) is an interesting example of omplex
dynamis in one omplex variable, and that it was studied from this view-point
by Hollroft [7℄. See also Remark 5.2 for other relations with the litterature.
2. The j-invariant of an ellipti urve
The lassial j-invariant of an ellipti urve may be dened as follows (see
Hartshorne [6, IV.4℄):
Denition 2.1. Denote by Eλ the ellipti urve birationally equivalent to the
plane ane ubi with equation :
y2 = x(x− 1)(x − λ).
Then its j-invariant is dened by:
j(Eλ) := 2
8 · (λ
2 − λ+ 1)3
λ2(λ− 1)2 .
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The previous expression is adapted to the omputation of the j-invariant of
an ellipti urve seen as the double over of a projetive line P1, ramied over
4 distint points, the ross-ratio of those points being λ. Indeed, Eλ is the
total spae of that overing over the omplement of one of the 4 points of P1.
If an ellipti urve is presented in Weierstarss normal form, one has the
following expression for its j-invariant (see Hartshorne [6, page 327℄):
Proposition 2.2. Denote by Eg2,g3 the ellipti urve birationally equivalent to
the smooth plane ane urve with equation:
y2 = 4x3 − g2x− g3,
where g32 − 27g23 6= 0. Then its j-invariant is given by:
j(Eg2,g3) = 1728 ·
g32
g32 − 27g23
.
In the sequel, we will work rather with the following normal form, for reasons
explained in the next setion:
(2) X30 +X
3
1 +X
3
2 − 3mX0X1X2 = 0.
Denote by Cm the plane projetive ubi urve dened by equation (2).
As it is not easy to nd a referene for the following proposition, we add an
elementary proof.
Proposition 2.3. The j-invariant of the ellipti urve Cm is given by:
j(Cm) = 27 ·
(
m(m3 + 8)
m3 − 1
)3
.
Proof: Dene :
(3) J(Cm) :=
(
m(m3 + 8)
m3 − 1
)3
.
By Brieskorn & Knörrer [3, page 302℄, we know that J(Cm) and j(Cm) are
proportional, that is, there exists t ∈ C suh that:
(4) J(Cm) = t · j(Cm).
In order to nd t, it is enough to speialize (4) to a ubi urve Cm for whih
one knows how to ompute both J and j. This is possible if one knows how to
write Cm in Weierstrass normal form by a oordinate hange.
As the projetivisation of an ane ubi in Weierstrass normal form has
the property that the line at innity is tangent to it at an inetion point, we
naturally begin by hoosing as line at innity a tangent to Cm at an inetion
point.
We hoose the inetion point (1 : −1 : 0) ∈ Cm. The tangent to Cm at this
point has the equation:
X0 +X1 +mX2 = 0.
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We make then the following hange of projetive oordinates:

Z = X0 +X1 +mX2
U =
1
2
(X0 +X1)
V =
1
2
(X0 −X1)
⇐⇒


X0 = U + V
X1 = U − V
X2 =
1
m
(Z − 2U)
.
The equation (2) is transformed in:
8U3 +
1
m3
(Z − 2U)3 − 3(U2 − V 2)Z = 0.
By passing to the ane oordinates u = U/Z, v = V/Z, we nd the ane
equation:
v2 =
8
3
(
1
m3
− 1)u3 + (1− 4
m3
)u2 +
2
m3
u− 1
3m3
.
We speialize now tom = 3
√
4. After the new hange of variables u = −2u1, v =
2v1, the previous equation beomes:
v21 = 4u
3
1 −
1
4
u1 − 1
48
.
This shows that:
C 3√4 ≃ E 1
4
, 1
48
.
Combining this with relation (4), we get:
J(C 3√4) = t · j(E 1
4
, 1
48
).
From Proposition 2.2 and equation (3), we dedue that t =
1
27
. 
3. Computation of the hessian dynamial system
Consider again the 1-dimensional linear system of plane projetive ubis
dened by the equation (2).
The parameter m ∈ C is seen as an ane oordinate of the projetive line
parametrizing the ubis of the penil, the homogeneous oordinates being
[1 : m]. To m = ∞ orresponds the ubi with equation X0X1X2 = 0, the
union of the edges of the fundamental triangle in the projetive plane with the
xed homogeneous oordinates.
An immediate omputation shows that :
(5) Hess(Cm) = C 4−m3
3m2
.
Remark 3.1. Equation (5) shows that the hessian urve of a ubi expressed
in the normal form (2) is again a ubi of the same normal form in the same
system of homogeneous oordinates. If one had started instead from the expres-
sions of Denition 2.1 or of Proposition 2.2, one wouldn't have got expressions
of the same normal form. This is the reason why we preferred to work with the
normal form (2).
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One gets like this a dynamial system H˜ : P1[1:m] → P1[1:m], expressed by :
(6) H˜(m) =
4−m3
3m2
where P1[1:m] := A
1
m ∪ {∞} denotes the projetive line obtained by adding one
point at ∞ to the ane line with oordinate m.
One has the following relation between the maps H˜ : P1[1:m] → P1[1:m], H :
P1[1:j] → P1[1:j], j : P1[1:m] → P1[1:j] :
H ◦ j = j ◦ H˜.
Using Proposition 2.3, it an be rewritten more expliitly as :
(7) H
(
27
(
m(m3 + 8)
m3 − 1
)3)
= 27
(
H˜(m)(H˜(m)3 + 8)
H˜(m)3 − 1
)3
.
By speializing the previous equality at m ∈ {0, 1, 4 13 }, we see that H(0) =
H(∞) = ∞ and H(28 · 33) = 0. Moreover, when we see it as a holomorphi
map from P1[1:m] to itself, H˜ is of degree 3, whih implies that H is of degree
3. As an immediate onsequene of these fats, we get:
Lemma 3.2. The rational fration H∗(j) of the variable j is of the form:
H∗(j) =
(j − 28 · 33)(j2 + αj + β)
j(γj + δ)
where α, β, γ, δ ∈ C, β 6= 0 and (γ, δ) 6= (0, 0).
Remark 3.3. The notation H∗(j) means the pull-bak of j seen as a funtion
on M1, by the algebrai morphism H : M1 → M1. We prefer it instead of
H(j), in order not to get onfused in the next setion by a notation of the type
H(h), whih is not simply obtained from H(j) by replaing j with h.
In order to nd the unknown oeients α, β, γ, δ, we look rst for the order
of the zero j = 28 ·33 and of the pole j = 0 of H(j). Writing M := m3, relation
(7) beomes :
(8) H
(
27 · M(M + 8)
3
(M − 1)3
)
=
(4−M)3
M2
·
(
(M − 4)3 − 63M2
(M − 4)3 + 33M2
)3
.
By fatoring H∗(j) =
(j − 28 · 33)k
jl
·K(j), with K(28 · 33) ∈ C \{0,∞} and
K(0) ∈ C \ {0,∞}, we dedue easily that k = 3 and l = 2. Combining this
with Lemma 3.2, we see that:
H∗(j) =
1
γ
· (j − 2
8 · 33)3
j2
.
By equating the dominating oeients of both sides of (8), when M → ∞,
we dedue that γ = −27.
We have got like this the desired expression of the hessian dynamial system:
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Theorem 3.4. One has the following expression of the hessian dynamial sys-
tem in terms of the parameter j, on the ompatied modular urve M1:
H∗(j) = − 1
33
· (j − 2
8 · 33)3
j2
.
4. The assoiated sequene of dessins d'enfants
Let us make the following hange of variable on the modular urve M1:
(9) j = 26 · 33 · h
From Proposition 3.4, we dedue the following expression of the hessian
dynamial system in terms of the variable h:
(10) H∗(h) = − 1
27
· (h− 4)
3
h2
whih shows that:
dH∗(h)
dh
= − 1
27
· (h− 4)
2(h+ 8)
h3
.
We dedue from this immediately:
Proposition 4.1. Set-theoretially, the ritial lous of H : P1[1:h] → P1[1:h] is
equal to
Crit(H) = {h = 4, h = −8, h = 0}.
The ritial image of H, also alled its disriminant lous, is equal to:
∆(H) = {h = 0, h = 1, h =∞}.
Seen as divisors, the ritial bers of H are:
div(H∗(h)) = 3(h = 4),
div(H∗(h− 1)) = 2(h = −8) + (h = 1),
div(H∗(1/h)) = 2(h = 0) + (h =∞),
where (h = a) denotes the point of P1[1:h] where the rational funtion h takes
the value a ∈ C ∪ {∞}.
The previous proposition explains why we have hosen the hange of variable
(9): in order to get as ritial image the set {0, 1,∞} of values of the working
parameter.
The ellipti urves orresponding to the ritial values h = 0 and h = 1 of
H inside M1 = Ch are exatly those with speial symmetry, as shown by the
following proposition (see Hartshorne [6, page 321℄):
Proposition 4.2. Let E be an ellipti urve over C. Denote by GE the group
of automorphisms of E leaving a base point xed. Then GE is a nite group
of order:
• 2 if j(E) /∈ {0, 1728} ⇔ h /∈ {0, 1}.
• 4 if j(E) = 1728⇔ h = 1.
• 6 if j(E) = 0⇔ h = 0.
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By Proposition 4.1, we see that the ardinal of the disriminant set ∆(H)
of the hessian dynamial system is equal to 3 when we look at H as a ramied
overing of P1. By the work [2℄ of Belyi, we know that ramied overs of P1 with
3 ritial values are partiularly important from the arithmetial viewpoint
(see also Zapponi [11℄). Following this last referene, let us reall the notion of
dessin d'enfant assoiated to suh a map, introdued initially at the suggestion
of Grothendiek [5, setion 3℄.
Let ψ : C → P1 := C∪{∞} be a holomorphi map from a ompat Riemann
surfae C to P1. Denote by Γ the preimage ψ−1([0, 1]). Color the verties of
Γ∩ψ−1(0) in blak and those of Γ∩ψ−1(1) in white. Moreover, order ylially
the germs of edges starting from eah vertex of Γ as they our when one turns
positively with respet to the anonial orientation dened by the omplex
struture of C.
Denition 4.3. The graph Γ with olored verties and ylially ordered germs
of edges obtained as explained before is alled the dessin d'enfant assoiated
to ψ.
The point of this denition is that this dessin (a purely topologial objet)
enodes ompletely up to isomorphisms the map ψ (a holomorphi objet).
Remark 4.4. If one has a map ψ : C → P where P is isomorphi to P1 and
the disriminant set has ardinal equal to 3, one has to hoose whih points
between the 3 ritial values are to be identied with 0 and 1 in order to dene
the dessin d'enfant assoiated to ψ. In our ase, the point ∞ is determined
geometrially as the point at innity of the moduli spae M1.
Proposition 4.1 shows that H(∆(H)) ⊂ ∆(H). More preisely, 0→∞, 1→
1,∞→∞. This implies:
Proposition 4.5. All the iterates H(n) := H ◦ · · · ◦H︸ ︷︷ ︸
n times
of H, where n ≥ 1, are
also ramied overs of M1 := P1[1:h], with ramiation set {0, 1,∞}.
We dedue that eah iterate has an assoiated dessin d'enfant Γn. As the
map H is dened over Q, all its iterates have the same property, whih shows
that all the dessins Γn are xed under the natural ation of the absolute Galois
group Gal(Q/Q).
5. An algorithm for onstruting the sequene of dessins
d'enfants
We want now to understand how evolves the sequene of dessins d'enfants
(Γn)n≥1. The graph Γn embeds into the preimage (H(n))−1(Rh ∪ {∞}) of the
real projetive line of the parameter h.
From the holomorphi view-point, the real projetive line Rh∪{∞} is anon-
ially determined by the dynamial system, as the unique irle C∆ ontained
in the smooth projetive rational urve M1 = P1[1:h], and whih ontains the
disriminant set ∆(H).
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h
0 1
Figure 1. The drawing onvention
4−8
h
10
Figure 2. The preimage by H of the real line
Figure 3. The dessin d'enfant Γ1 assoiated to H
Denote:
Gn := (H
(n))−1(C∆).
From the topologial view-point, Gn is a graph embedded intoM1, its verties
being the preimages of {0, 1,∞} ∈ P1[1:h] =M1. We deorate the edges of Gn in
three dierent ways, aording to the real interval (∞, 0), (0, 1), (1,∞) whih
is their image under H. We orient them with the lift by H of the natural
orientation of Rh from negative to positive numbers. The drawing onvention
we hoose is indiated in Figure 1.
Write
x := Re(h), y := Im(h).
Then the equation Im(H∗(h)) = 0 of H−1(C∆) beomes:
Im
[
− 1
27
· (x+ iy − 4)
3
(x+ iy)2
]
= 0.
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0
1
8
H PL
T
Figure 4. The ombinatoris of the triangulation T1
Figure 5. The ombinatoris of the triangulation T2
After a few omputations we get the equation:
(11) y ·
[
((x− 4)2+ y2)2+16(x− 4)((x− 4)2+ y2)+ 16(3(x− 4)2− y2)
]
= 0.
This shows that G1 = H
−1(C∆) is the union of the real axis of the variable
h and a singular quarti urve, whih has as only singularity a real node at
h = 4. The union of the two urves is drawn in Figure 2.
By looking inside Figure 2 at H−1([0, 1]), we dedue that the dessin d'enfant
Γ1 assoiated to H is as indiated in Figure 3.
Consider the map represented in Figure 4. In it, T is a ompat ane
triangle with the verties denoted 0, 1,∞ and HPL : T → T is a ontinuous
pieewise-linear map, whih is an ane homeomorphism onto T in restrition
to eah of the three losed triangles into whih T is triangulated. Their verties
are midpoints of the edges of T . The distint edges of the 1-skeleton at the
soure are deorated as their images by HPL.
We see that the topology of the map is ompletely desribed by the trian-
gulation of the soure triangle and by the deorations of the edges. In the
same way, we an desribe the topology of H
(n)
PL, ∀ n ≥ 1, by a deorated
triangulation:
Tn := (H(n)PL)−1(∂T ).
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Figure 6. The ombinatoris of the triangulation T3
Figure 7. The ombinatoris of the triangulation T4
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Figure 8. The dessin d'enfant Γ2 assoiated to H
(2)
Figure 9. The dessin d'enfant Γ3 assoiated to H
(3)
Figure 10. The dessin d'enfant Γ4 assoiated to H
(4)
The onvention for the deoration of the edges of Tn is the same as the one used
for Gn. We have the following algorithm for the onstrution of the sequene
(Tn)n≥1:
• Start with HPL and all the triangulation at the soure T1.
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Figure 11. Another piture of T4
• Given the triangulation Tn, onstrut T1 inside eah triangle of Tn. Call
the triangulation obtained like this Tn+1.
Let Φn be the subgraph of the 1-skeleton T 1n of the triangulation Tn obtained
as the union of all edges whose image by H
(n)
PL is the edge [0, 1] of T . Deorate
the preimages of 0 in blak and those of 1 in white. Then take the double
(T,T 1n ,Φn)∪∂T (T,T 1n ,Φn) of the triple (T,T 1n ,Φn) of topologial spaes, that
is glue two opies of it by the identity on ∂T . Orient arbitrarily the sphere
T ∪∂T T and orient ylially the germs of edges of Φn ∪∂T Φn around eah
vertex aording to this orientation. Denote Σ := T ∪∂T T, T˜ 1n := T 1n ∪∂T ∩ T 1n
T 1n , Φ˜n := Φn ∪∂T ∩Φn Φn.
Proposition 5.1. The deorated graph Φ˜n is homeomorphi (respeting the
deorations) to the dessin d'enfant Γn of H
(n)
.
In Figures 5,6 and 7 we have drawn the deorated triangulations T2,T3 and
T4. By Proposition 5.1, one an extrat easily from them the dessins d'enfants
Γ2,Γ3 and Γ4, illustrated in Figures 8,9 and 10 respetively. We have hosen
a homeomorphism between T and a half-plane, sending the vertex ∞ of T
to innity, and then we have drawn the double Φ˜n of Φn just by gluing the
reexion of Φn with respet to the border-line of the half-plane.
Remark 5.2. (Added in proofs) After my exposition of the results of this paper
in the University of Toulouse in Deember 2008, X. Bu and A. Chéritat proved
easily using general theory that the map H is a so-alled Lattès map (see [8℄
and [9℄). More preisely, it is onjugate to the map indued on C/G by the
multipliation ·i√3 : C→ C. Here G denotes the group of automorphisms of C
generated by the translations z → z+1, z → z+ǫ and the rotation z → ǫz, where
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ǫ := e
ipi
3
. This leads to a nie desription of the sequenes (Tn)n and (Γn)n
using eulidean geometry, in the spirit of Thurston's philosophy that topology
is best understood using adapted geometri strutures. The point here is that
one should onsider on C/G the struture of eulidean orbifold, quotient of the
eulidean struture of C by G, whih is a group of isometries for it. In this
geometry, the gures of this paper appear in a way whih is ompletely natural
within the framework of eulidean geometry. Namely, the iterative operation
drawn in Figure 4 should be replaed by one in whih the triangle T is similar
to eah one of the 3 subtriangles reated by the subdivision, the similarities
respeting the deorations of the verties by the symbols 0, 1,∞. This fores
the angles of T to be of 60◦, 90◦ and 30◦ respetively. In Figure 11 is drawn
in this way T4, as well as the union of those edges allowing to onstrut Γ4 by
doubling. Compare with Figure 7 !
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